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Abstract 

We use an analogue of Karoubi's construction [3j in the motivic situation to give 
some cohomology operations in motivic cohomology. We prove many properties of these 
operations, and we show that they coincide, up to some nonzero constants, with the 
reduced power operations in motivic cohomology originally constructed by Voevodsky 
|12j . The relation of our construction to Voevodsky's is, roughly speaking, that of a 
fixed point set to its associated homotopy fixed point set. 
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1 Introduction 

We fix a base field k and a prime I different from char(k), the characteristic of k. Voevodsky 
[T2] constructed the reduced power operations 

pi . H*'*(-,Z/l) -> if* +2i( '- 1) '* +i( '- 1) (-,Z//), % > 
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in motivic cohomology following the classical construction of Steenrod [7] (see also [3]) for the 
reduced power operations in singular cohomology. Karoubi [I] constructed these operations 
in singular cohomology using another construction. It is the purpose of this paper to adopt 
Karoubi's construction in the motivic situation. Our main construction and results are as 
follows. 

We work in the A 1 -homotopy category £f. (k) of Morel and Voevodsky (see Section 2 
and also In this category, motivic cohomology is represented by motivic Eilenberg- 

MacLane spaces (see f|2.19p ). and so motivic cohomology operations are represented by mor- 
phisms between the corresponding motivic Eilenberg-MacLane spaces in (k). 

Let n > 1 be an integer. Choose our model of the motivic Eilenberg-MacLane space 
K(Z/l,2n,n) as z^ l ui (A n ,0) (see (j2.20p ). The Z-th cup product power operation 

P : K(Z/l, 2n, n) -> K(Z/l, 2nl, nl) (1.1) 

is represented by (abusing the notation P) 

^:i / i(A",0)-z^(A"',0), (1.2) 

which is the l-th fiber product power of cycles (see (13. ip ). 

The cyclic group C\ acts on A ni by cyclically permuting the / copies of A™, and so acts 
on 2^w(A ni , 0) by functoriality. By its very construction, the image of P in (jl.2p lies in the 

fixed point set L^(A nJ , 0) Gl of invariant cycles. Call the factorization 

V:z%lK\ 0)^4^,0)^ (1.3) 

the total reduced power operation (see (13. 3p ). We have the following main theorem. 

Main Theorem 1.1 Suppose that the field k satisfies some assumptions (detailed at the 
beginning of Section^). 

1. In the A 1 -homotopy category (k), there is a canonical isomorphism 

n(l-l) n(7-l)-l 

ZeiL( Anl i°f l = K(Z/l,2n + 2i,n + i) x K(Z/l,2n + 2i + l,n + i). 

i=0 i=0 

2. Denote the components of V in (jl.3p . under the canonical isomorphism of part 1, by 

D i : K(Z/l, 2n, n) -> K(Z/l, 2n + 2i,n + i), < i < n(l - 1) 

and 

E i : K(Z/l, 2n, n) -> K(Z/l, 2n + 2i + l,n + i), < % < n(l - 1) - 1. 

Then 

E i = (3oD\ < i < n{l - 1) - 1, 
where (3 : K(Z*/l,*,*) — > K(Z*/l,* + 1,*) represents the Bockstein homomorphism 
associated to the exact sequence of coefficients 0— >Z/l-^Z/l 2 ^Z/l— > 0. 
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3. D° = id : K(Z/l,2n,n) -> K(Z/l,2n,n), and D n ^ = P : K(Z/l,2n,n) -> 
K(Z/l,2nl,nl) , where P is the l-th cup product power ([Lip . 

^. For z noi a multiple of (I — 1), D l = and t/uts i£ l = by the conclusion of part 2. Up 
to nonzero constants in Z/Z, 

_ pi^ < j < n, 
where the Pi are the reduced power operations of Voevodsky \12f . 

The proof of this main theorem occupies most of the paper. In Section |5] we give some 
preliminaries. The proof of part 1 is done in Sections El IH and (see Theorem 15. 8p . part 2 
in Section [HI (see Theorem 16. 3p . part 3 in Section [7| (see Theorems 17. II and 17. 2p and part 4 in 
Section |H] (see Theorem 18.41) . 

As will be seen in Section EJ the relation of our construction to Voevodsky's is, roughly 
speaking, that of a fixed point set to its associated homotopy fixed point set. 

Acknowledgements This paper is based on the author's Ph.D. thesis. He thanks his advisor, 
H. Blaine Lawson, Jr. for his guidance, discussions and support. He is also glad to thank 
many people for their useful discussions during the elaboration of this paper, including M. 
Karoubi, P. Lima-Filho and P. dos Santos. He thanks V. Voevodsky for his encouragement 
and useful discussions. Special thanks are due to Christian Haesemeyer, who answered a lot 
of the author's questions, gave a lot of invaluable suggestions, and read various versions of 
this paper carefully and critically. The author heartily thanks him. 

2 Some background 

Throughout this paper, we work in both Voevodsky's triangulated category of motives DM 
[TU] and the A 1 -homotopy category (k) constructed by Morel and Voevodsky [SI El H] over 
our base field k. In this section we give a quick review of the two categories and some of their 
properties relevant to this paper. The reader is referred to the above mentioned references 
for further details. For later use, we emphasize the concept of fundamental classes, and we 
prove a version of the projective bundle formula for motives with compact support. 

Let Sm/k be the category of smooth schemes over k. There are several useful Grothendieck 
topologies on Sm/k, and the one most relevant to this paper is the Nisnevich topology (see 
[SJ Definition 3.1.2]). By definition, a presheaf of sets (abelian groups) on Sm/k is a con- 
travariant functor from Sm/k to the category of sets (resp. abelian groups). A Nisnevich 
sheaf is a presheaf which satisfies the usual sheaf axioms for the Nisnevich topology. We 
denote the category of Nisnevich sheaves (of sets) on Sm/k by ShvNi S (Sm/k). 

Let SmCor(k) be the category of finite correspondences, whose objects are smooth 
schemes over k and whose morphisms from X to Y are finite correspondences, i.e. algebraic 
cycles on X x Y which are finite and surjective over a component of X. SmCor(k) is an ad- 
ditive category. An additive contravariant functor from SmCor(k) to the category of abelian 
groups is called a presheaf with transfers. There is a natural functor Sm/k SmCor(k), 
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which is the identity on objects and which sends a morphism / : X — > Y to its graph 
Tf C X x Y. Therefore we can regard a presheaf with transfers as a presheaf of abelian 
groups on Sm/k. If the corresponding presheaf happens to be a Nisnevich sheaf, we will then 
call the presheaf with transfers a Nisnevich sheaf with transfers. We denote the category of 
Nisnevich sheaves with transfers by ShvNis(SmCor(k)). 

For a scheme X of finite type over k, there are two naturally associated Nisnevich sheaves 
with transfers: Z tr (X) and z equi [X, 0). By definition, for any smooth scheme U G Sm/k, 
Z tr (X)(U) is the abelian group of algebraic cycles on U x X which are finite and surjective 
over a component of U, and z equi (X, 0)(U) is the abelian group of algebraic cycles on U x X 
which are equidimensional of relative dimension (quasi-finite) and dominant over a com- 
ponent of U. It can be checked that both Z tr (X) and z equi (X, 0) are Nisnevich sheaves with 
transfers. When X is compact, clearly 7j tr (X) = z equi (X,0). Both 7, tr (X) and z equ i(X, 0), 
being Nisnevich sheaves, have well defined pullbacks for an arbitrary morphism f :U' U, 
and we denote the pullbacks by Cycl(f). 

Actually, one has the following two functors 

^tr(-) '■ Sch/k — > ShvNis(SmCor(k)); 
z eq ui(- 0) : Sch^/k -> Shv Nis (SmCor(k)), (2.1) 

where Sch/k is the category of schemes of finite type over k and morphisms, and Sch prop /k 
is the category of schemes of finite type over k and proper morphisms. 

In general, for a scheme X G Sch/k, one defines a Nisnevich sheaf with transfers 
z equi {X,r) for any integer r > as follows. For a smooth scheme U G Sm/k, z equi (X,r)(U) 
is defined to be the abelian group of algebraic cycles on U x X which are equidimensional 
of relative dimension r and dominant over a component of U. If / : Y — > X is a flat equidi- 
mensional morphism of relative dimension n, then flat pullback of cycles gives a morphism 

/* : z equi (X,0) ^z eqm {Y,n). (2.2) 

In the particular case that % : U — >• X is an open embedding, we usually denote the pullback 

i* by 

r : z equi (X, 0) z equi (U, 0) (2.3) 

and call it the restriction map. 

In this paper we will mainly deal with z equ i(X, 0). Therefore for simplicity of notation 
we write z(X) for it. For an abelian group A, z^ qui {X, 0) = z equi (X, 0) <g> A is the sheaf of 
equidimensional cycles with coefficients in A, and again we write z A (X) for short. 

ShvNis{SmCor(k)) is an abelian category [T0| Theorem 3.1.4]. We will denote its derived 
category of bounded from above complexes of Nisnevich sheaves with transfers by 
D~ (ShvNis(SmCor(k))). 

A presheaf with transfers F is called homotopy invariant if for any X G Sm/k, the 
natural map F(X) — > F(X x A 1 ) induced by the projection X x A 1 — > X is an isomorphism. 
A Nisnevich sheaf with transfers is called homotopy invariant if it is homotopy invariant as 
a presheaf with transfers. 
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The category of (effective) motivic complexes DM_ (k), DM for short, is defined to 
be the full subcategory of D~(Shvms(SmCor(k))), which consists of all complexes with 
homotopy invariant cohomology sheaves. DM is a tensor triangulated category. 

For a presheaf with transfers J 7 , one defines its singular complex C*T as follows. Let A* 
be the standard cosimplicial objects in Sm/k with A n = Spec(k[xo,xi, ■ ■ ■ ,x n }/ J^Xj = 1) 
and the standard coface and codegeneracy maps. One defines C n T by specifying 

C n T{XJ) = F(A n x U) 

for a smooth scheme U. The differential in C*T is defined to be the alternating sum of the 
face maps. The cohomology presheaves of C*T are homotopy invariant, and so are their 
Nisnevich sheafification (TUJ Lemma 3.2.1]. Therefore C*T G DM for a Nisnevich sheaf with 
transfers T . 

In particular, for a scheme X of finite type over k, one defines its motive M(X) and 
motive with compact support M C (X) in DM as 

M(X) = C*Z tr (X), M C {X) = C*z(X). 

When X is compact, clearly M(X) = M C (X). In view of (|2.1|) . one has the following 
functorial properties: 

M(-) : Sch/k -> DM; M c (-) : Sch prop /k -> DM. (2.4) 

For a proper morphism / : Y — > X, we denote the induced morphism on motives with 
compact support by 

/, : M C (Y) -> M C (X). 

There are several equivalent definitions of the motivic complexes Z(n) (whose shifts are 
also called Tate motives when considered as objects in DM). The one most relevant to us 
is the following natural isomorphism [TT] 

a n : Z(n)[2n] ^ C^(A n ) = M°(A n ). (2.5) 

In DM, motivic cohomology is represented by Tate motives: for a scheme X of finite 
type over k 

W'\X) = Hom DM (M(X),Z(i)[j]). (2.6) 

Dually, Borel-Moore motivic homology is defined by 

Hff(X) = Hom DM mM,M c (X)). (2.7) 

In the remaining part of this section before we start to discuss the A 1 -homotopy category, 
we suppose that k is a field which admits resolution of singularities, since the results below 
are only proved at the moment under this condition. 
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If k is a field which admits resolution of singularities, then motives with compact support 
have the following tensor structure for product of schemes (see [TUl Proposition 4.1.7]): 

M C (X) <g> M C (Y) 4- M C (X x Y). (2.8) 

The following localization distinguished triangle is of particular importance to our later 
computations. 

Proposition 2.1 11 0[ Proposition 4-1-5] Suppose that k is a field which admits resolution 
of singularities, X is a scheme of finite type over k and Z is a closed subscheme of X . Then 
we have a canonical distinguished triangle of the form 

M C (Z) -> M C (X) -> M C (X - -> M c (Z)[l\. (2.9) 

The proof of this proposition uses a natural isomorphism induced from restriction 

r : C*(z(X)/z(Z)) 4 C*z{X - Z). 

In particular, suppose that a non-compact variety X has a compactification X with 
complement X^: 

X c X . Xqq = X — X. 
Then there is a natural isomorphism induced from restriction 

r x : C^ZtriXyZtriX^)) ^ C^(X) = M C (X). (2.10) 

The following result is a basic tool for us to produce maps to motives with compact 
support. 

Proposition 2.2 JTffi Corollary 4-^-4] Suppose that k is a field which admits resolution of 
singularities. Let f : Y — > X be a flat equidimensional morphism of relative dimension n of 
schemes of finite type over k. Then there is a canonical morphism in DM of the form: 

f* : M c (X)(n)[2n] -> M C (Y), 

and these morphisms satisfy all the standard properties of the contravariant functoriality of 
algebraic cycles. 

Proof. We apply the functor to (|2.2|) and get a morphism 

M C (X) = C*z(X) -> C*z equi (Y,n). 
PHI Proposition 4.2.8] asserts a canonical isomorphism 

qz^AYn) = Hom(Z(n)[2n},M c (Y)), (2.11) 
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where the right hand side is an internal Horn object in DM. The composition of the above 
two morphism is 

M C (X) -> Horn (Z(n) \2n\ , M°(Y)\ 

whose adjoint 

/* : M c {X){n)[2n] -> M C (Y) 
is the map that we are after. □ 

Suppose that X is a scheme of finite type over k of dimension n. Consider the structure 
morphism p : X — > Spec(k). Then using Proposition 12.21 one defines the fundamental class 
of X as the morphism 

dx := P* : Z(n)[2n] -> M C (X), (2.12) 

which in view of (j2.7jl represents a Borel-Moore homology class in Hf^ n (X). More generally, 
if j : y — - > X is a subvariety of dimension m, then the following composition 

cl Y : Z(m)[2m] -> M C (F) -> M C (X), (2.13) 

where the first arrow is the fundamental class of Y and the second arrow is induced by the 
closed embedding j using (|2.4|) . represents the fundamental class of F in X as a Borel-Moore 
homology class in H^^X). 

As a special case of (j2.12j) . one has the following fundamental class of A n 

cZ A n : Z(n)[2n] ^ M c (A n ), (2.14) 



which is an isomorphism and which is the same as (j2.5p . 

We have the following two simple results about fundamental classes. 

Lemma 2.3 Suppose that both Y and X are schemes of dimension n over k, and one has 
a flat morphism f : Y — > X of relative dimension (e.g. an open embedding) , i.e. one has 
the following diagram 

f 

Y^^X 

PX 

k. 

where the p's are structure morphisms. Then there is the following commutative diagram 

M C (Y)^^M C (X) 

7\ P*x= d x 
p Y =d Y \^ 

Z(n)[2ra]. 
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Proof. This follows from the contravariant functoriality of the map in Proposition 12.21 for 
flat morphisms. □ 



Lemma 2.4 Suppose that both Y and X are schemes of dimension n over k, and one has 
a proper morphism f : Y — > X , i.e. one has the following diagram 



Y 



I 



X 




Px 



where the p 's are structure morphisms. Suppose that the degree of f : Y — > X is d, which is 
the degree of function field extension. Then there is the following commutative diagram 



M C {Y) 

Vy=cl Y 



f. 



M C (X) 

P*x= cl x 



Z(n)[2n]—^Z(n)[2n 



where -d is multiplication by d. 



Proof. Under the proper pushforward of cycles by /, the cycle Y is mapped to the d multiple 
of the cycle X. □ 

Now let's introduce a version of the projective bundle formula for motives with compact 
support. Suppose that n : E — ■> X is a vector bundle of rank n. In view of Proposition 12. 2\ 
one has a natural morphism 



7i* : M c {X){n)[2n] -> M C (E). 
The map tt* in (|2.15|) has the following simple functorial properties. 



(2.15) 



Lemma 2.5 Let f : Y — > X be a morphism of schemes, and ir : E — > X a vector bundle 
over X of rank n. Let f*(E) be the pullback vector bundle on Y , i.e. we have the following 
Cartesian diagram 



f*(E) 



Y 



E 



X. 



(2.16) 



// / is proper, and therefore so is g, then one has the following commutative diagram 

M c (f*(E)) M C {E) (2.17) 



M C (Y) (n) [2n] — M C (X) (n) [2n] 
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where the vertical morphisms are as in ()2.15|) . /* and g* are the induced maps on motives 
with compact support by the properness of f and g. 

On the other hand, if f is flat of relative dimension 0, and therefore so is g, then one 
has the following commutative diagram 



M C (E) 



M c (f*(E)) 



M C (Y) (n) [2n] M C (X) (n) [2n] , 



(2.18) 



where f* and g* are the induced maps on motives with compact support by the flatness of f 
and g. 



Proof. One has the following commutative diagram on the cycle level 

Zequi(f*(E),n) z equi (E, n) 



z(Y) 



f* 



z(X), 



since (I2.16P is Cartesian. Apply the C* functor, and we conclude (j2.17p by the naturality of 
(j2.1ip for proper pushforward (see the proof of Proposition 12. 2p . 

(|2.18p holds by the contravariant functoriality of the map in Proposition 12.21 for flat mor- 
phisms. □ 

We have the following version of the projective bundle formula. 



Theorem 2.6 Suppose that k admits resolution of singularities. The map n* in (I2.15P is 
an isomorphism. 



Proof. Let % : U —* X be an open subscheme such that E\u is trivial. Let j : Y = X — U — * X 
be the closed complement. Consider the following diagram of localization distinguished 
triangles (|2.9p : 



M C {E\ Y ) 



M C (E) 



M C (E\ 



u ) 



M c (Y)(n)[2n]^i-M c (X)(n)[2n]^lM c (U)(n)[2n] 



The commutativity of the above diagram follows from Lemma 12.5 
Since E\u = U x A n is trivial, the last vertical arrow 

vr* : M c {U){n)[2n] -> M C (E\ V ) 
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is an isomorphism by (|2.14|) and (|2.8|) . Then an induction on the dimension of X and the 
five lemma complete the proof. □ 



Now let's start to review the A 1 -homotopy theory (k) (hence removing the assumption 
that k admits resolution of singularities). We start with the category sShvNis,»{Sm/k) of 
simplicial Nisnevich sheaves of pointed sets over Sm/k. A Nisnevich sheaf is always identified 
to its associated constant simplicial sheaf, i.e. all the terms of the simplicial sheaf are the 
given sheaf and all the face and degeneracy maps are the identities. (k) is the successive 
localization of sShvNis,»(Sm/k) with respect to the classes of simplicial weak equivalences 
and A 1 -weak equivalences (see jSUHlII] for more details). 

For an abelian group A, let K(A,j, i) be the simplicial abelian sheaf corresponding to the 
complex v4(z)[j] = Z(z)[j] ® A under the Dold-Kan correspondence functor K. Considered 
as simplicial sheaf of pointed sets, it defines an object of (k). It is a motivic Eilenberg- 
MacLane space, since it represents the corresponding motivic cohomology [U Theorem 2.3.1] 
as 

Hom Ht i (k) (X + ,K(A,j,i)) = W>\X,A), (2.19) 

where X is a smooth scheme and X + is regarded in H^ 1 (k) as the constant simplicial 
representable sheaf associated to X with a disjoint base point. 

We can choose a model of the motivic Eilenberg-MacLane space K(A, 2n, n) as 

K(A(n)[2n}) = K(C*z A (A n )) 

in view of (12. 5jl . In addition, by [U Lemma 2.5.2], we have a natural A : -weak equivalence 

K(z A (A n )) $ K(C*z A (A n )), 

where z A (A n ) on the left hand side is considered to be a complex concentrated at dimension 
0. It is easy to see by the construction of K in the Dold-Kan correspondence that K(z A (A n )) 
is the constant simplicial sheaf at z A (A n ). Therefore we have the following nice model for 
K(A, 2n, n) as 

K(A,2n,n) = z A {A n ). (2.20) 

Because of the representability (|2.19|) of motivic cohomology by Eilenberg-MacLane 
spaces in the A 1 -homotopy category (k), motivic cohomology operations are the same 
as morphisms between corresponding Eilenberg-MacLane spaces in this category. 

Actually our construction will map the above model z z ^ l (A n ) of K(1i/l,2n,n) to various 
Eilenberg-MacLane spaces of other dimensions by performing some geometric constructions 
on it. 
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Figure 1: The power operation P 

3 The total reduced power operation 

In this section, we work with an arbitrary coefficient ring R, and the ones of interest to us 
are Z/Z and Z. We omit the coefficient ring from our notation for simplicity. 

Let's start with our model of the motivic Eilenberg-MacLane space K(2n,n) as z(A n ) 
(I2.20j) . Consider the Z-th cup product power operation 

P : K(2n,n) -> K(2nl,nl), 

which is represented by the Z-th fiber product power of cycles 

P : z(A n ) -> z{A nl ). (3.1) 

In more detail, for a smooth scheme U and a cycle Z G z(A n )(U), write Z = ^n^Zi, where 
Hi G R and the Zj are closed and irreducible subschemes of Ux A n , which are equidimensional 
of relative dimension over U. Then 

P(Z) = y^rif! • •■n il Z il x v ■■■ x v Z iv 

where Z it x u ■ ■ • Xjj Z i{ is the fiber product of Z^ , ■ • ■ , Z it over U. It is easy to see that 
P{Z) G z(A nl )(U). Note that the map P is not linear, i.e. P is a morphism in the category 
of sheaves of sets but not of R modules. Figure [T] illustrates the map P (13. ip when Z = 2 
and Z is an irreducible subscheme. 

The symmetric group Si acts on A nl by permuting the Z copies of A n , and in particular 
the cyclic group Ci acts on A n ' by cyclically permuting the Z copies. This naturally induces 
an action of Si, and in particular of Cj, on z(A nl ) by functoriality. The important thing for 
us is that the above map (j3.ip factorizes as 

P : ^(A n ) ^(A n ') Ci ^(A n? ), (3.2) 

where (— ) c ' stands for the fixed point set under the Ci action on the sheaf level, and j is 
the natural inclusion map. More precisely, z(A nl ) Cl is the Nisnevich sheaf whose value on a 
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u 



Figure 2: The exact sequence ((3.41) 

smooth scheme U is the subgroup of cycles in z(A nl )(U) which are invariant under the C\ 
action on U x A n ' as the product of the trivial action on U and the cyclic permutation on 
A . Concretely an algebraic cycle Z £ z(A nl ){U) is invariant if and only if all its fibers over 
points of U, as linear combinations of points in A nl , are invariant under the C\ action on A nl . 
From this we see that z(A nl )° l is still a presheaf (pullbacks of invariant cycles are invariant). 
Actually it is a Nisnevich sheaf with transfers as one can easily check. Furthermore the image 
of V lies in the similarly defined fixed point set z(A nl ) Sl by the whole symmetric group. 
We call the map 

V : ^(A n ) -> z(A nl f< (3.3) 

the total reduced power operation. Our task is to analyze the homotopy type of z(A nl ) Cl in 
the A 1 4iomotopy category (k). 

One important feature of the C\ action on A nl when I is a prime is its semi-freeness. The 
diagonal of A nl , denoted by A n , is the fixed point set, and on the complement, A nl —A n , the 
action is free. 

Using the functorialities (j2.1j) and (12. 3|) . one has the following exact sequence of sheaves 
— ► z(A n ) z(A nl ) Cl z(A nl - A n ) Cl , (3.4) 

where the inclusion A is induced by the closed embedding of the diagonal A n in A"', and 
the restriction r is induced by the open embedding of the complement A nl — A n in A n ', as 
illustrated in Figure El 

Proposition 3.1 Let k be a field which admits resolution of singularities. We have a dis- 
tinguished triangle in DM 

C*z(A n ) A CU(A n *) Ci A C,z(A nl - A n ) Cl A CU(A n )[l]. (3.5) 

Proof. The proof is an analogue of j2j Theorem 5.11], except that we have to take care of 
the group action here. We write out all the detail for the convenience of the reader. The 
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exact sequence ()3.4|) clearly induces the following diagram with the row as a distinguished 
triangle in DM 

C, z (A n )-^C*z(A nl ) c i ^C*{z(A nl ) c i/z{A n )) -CU(A")[1]. 

C,r 

C*z{A nl - A n ) Cl 

To prove the proposition, we only need to prove that C*r is a quasi-isomorphism, or equiv- 
alently C*(z(A n ' - A n ) c ' / z(A nl ) c ') is acyclic, i.e. quasi-isomorphic to zero. First let's recall 
the following criterion for acyclicity. 

Proposition 3.2 \1U[ Theorem 4-1-2] Let k be a field which admits resolution of singulari- 
ties, and F be a presheaf with transfers on Sm/k such that for any smooth scheme U over 
k and a section <fi £ F(U) there is a proper birational morphism p : U' — > U with U' smooth 
and F(p)((p) = 0. Then the complex C*(F) is acyclic. 

In view of this criterion, it suffices to show that for any smooth scheme U over k and a 
closed integral subscheme Z in z(A nl — A n ) c ' l (U) that there is a blow-up p : U' — > U with U' 
smooth such that Cycl(p)(Z), the pullback cycle of Z by p, lies in the image of z(A nl ) Cl (U'). 

By the platification theorem (see [HI Theorem 2.2.3] and [B]), there is a blow-up p : U' — > U 
such that the closure of Cycl(p)(Z) £ z(A nl — A n )(U') lies in the image of z(A nl )(U'). It is 
clear that the closure Cycl(p)(Z) £ z(A nl ) Cl (U') since Cycl(p)(Z) £ z(A n ' - A n ) c '(U') and 
the fibers added when taking the closure are all supported on the diagonal A n , which is the 
fixed point set under the C\ action. □ 

Due to the freeness of the action of C\ on A n ' — A n , we have the following canonical 
mutually inverse isomorphisms 

z(A nl - A n ) c > ^ z((A nl - A n )/Ci) ^(A n ' - A") Ci , (3.6) 

where ir* is the flat pullback whose image is obviously invariant, and if* is the reduced 
pushforward, i.e. for Z £ z(A nl - A n ) Cl (U), n*{Z) is the unique cycle in z((A nl - A n )/Q)(U) 
whose flat pullback is Z. The situation when I — 2 is illustrated in Figure [HI 

Following the language of Karoubi [I], we call (A™' — A n )/Ci the Z-th normalized cyclic 
product of A n , and sometimes denote it by CP i + (A ri ). 

In the next section, we will compute the motive type of 

M c ((A nl - A n )/d) = C*z((A nl - A n )/Ci). 

Together with f)3. 6[) and (|3.5p . we are able to analyze the motive type of C*z(A nl ) Cl . The 
motive type of C*z z ' l (A nl ) Cl for Z// coefficients can then be easily deduced. This then 
determines the homotopy type of z z ' l (A nl ) Cl . We will see that z z ^ l (A nl ) Cl has the desired 
homotopy type to be the target of the total reduced power operation (j3.3j) . 
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Figure 3: The isomorphism 



4 Lens spaces 

From now on we assume that k admits resolution of singularities to be able to use the 
tools described in Section 2 and Proposition 13.11 This condition at the moment means that 
char(k) = 0. We furthermore assume that k has a primitive /-th root of unity £ to simplify 
our exposition. Note that under the condition that I ^ char(k), this assumption doesn't 
constitute a real restriction, and can always be achieved by passing to a separable extension 
of k of degree prime to I. Transfer arguments show that this doesn't affect considerations 
for motivic cohomology with Z/Z coefficients, which is the main subject in this paper. Under 
this assumption we have an isomorphism between the cyclic group C\ and pi, the group of 
/-th roots of unity in k, which sends 1 G Z// = C/ to ( G /!/. Note that /i/ has a standard 
representation on A 1 , denoted by p, where ( G /!/ acts as z — > ( ■ z for z G A 1 . 

Under the assumption of the existence of £, it is clear that if one chooses a suitable basis 
of A nl , the action of C\ on A n ' by cyclically permuting the / copies of A n can be written as 
a direct sum id © p © p 2 © • • ■ © p' _1 . Here id is the trivial action, the action p is interpreted 
through the isomorphism of Ci to pi, p 1 is the i-th. tensor product of p where ( G pi acts as 



z — >• C ■ z, and for notational simplicity we have written p % for p 1 © • • • © p l 
copy of A n . 

Therefore under this new basis, we can rewrite our normalized cyclic product as 



which acts on a 



, (A n ) = (A n( - A n )/Q = A n x (A n(l ~ L > - {0})/Q, 

where Ci acts freely on A n ( l ~^ — {0}. 

By our model of the Tate motives f|2. 5|) and the tensor structure of motives with compact 
support (12. 8|) . we have the following sequence of isomorphisms 

M c^ A n ( z-i) _ {o})/Ci) ®Z(n)[2n] 
^ M c ((A n(/ " 1} - {0})/Ci) © M c (A n ) 

^ M c (A n x (A n P _1) - {0})/Ci) = M c ((A n ' - A n )/Ci). (4.1) 

Now we want to decide the motive type of M c ( (A n ^ -1 ) — {0})/Q). This is a special 
case of the following general considerations. Suppose that pi acts on A m as a direct sum of 
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nontrivial irreducible representations p ai © ■ • • © p a ™ with 1 < a,, < / — 1 for 1 < i < m, 
where m > 1 is a general dimension. Then (A m — {0})//i/ is a lens space of dimension m, 
and we denote it by L m . (The actual weights (a\, ■ ■■ ,a m ) are not important in our later 
computations.) We want to determine the motive type of M c (L m ). 
The space A m has the following natural filtration 

A 1 c ■ ■ ■ C A m , 

where A* is the subspace of points with the last (m — i) coordinates zero. This induces a 
filtration on A m - {0} 

A 1 - {0} C ■ ■ ■ C A m - {0}, 

and a filtration on L m 

L\ C ■ ■ • C L m , 

where Li = (A* — {0})//i/ is the skeletal lens space of dimension i. Let 

ir : A i — {0} — > Li 

be the natural projection. 

We also denote the complement of L m _i in L m by U m : 

U m := L rn - L m _! = (A m - A'"- 1 )/^ = (A™- 1 x (A 1 - {0}))/^, 

where A 1 is the last component of A m . Since the action of fii on A 1 — {0} is free, U m is a vector 
bundle of rank (m — 1) over (A 1 - {0})///j. We will often use the notation A* := A 1 - {0}. 
The main result of this section is the following theorem. 

Theorem 4.1 There is a canonical isomorphism 

f m : Z(0)[1] © 0Z/Z(i)[2i] © Z(m)[2m] ^ M c (L m ). (4.2) 

We will prove this theorem by induction. To study the case m = 1, we first establish the 
following result. 

Proposition 4.2 There is a canonical isomorphism 

Sl ®cl: Z(0)[1] © Z(l)[2] ^ M C (A 1 - {0}). 

Proo/. We define cZ : Z(l)[2] -> Af c (A x - {0}) to be the fundamental class of A 1 - {0} 
(j2.12p . We now construct s 1 : Z(0)[1] — > M C (A 1 — {0}). One has the following two natural 
isomorphisms: 
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1. 

a l : Z(0)[1] = a.(Zi r (A 1 )/Zi r ({0 J l})). 

Actually A 1 /{0, 1} is one model of the simplicial circle S\ in the homotopy category 
(k). (Also the above isomorphism can be seen from the following distinguished 
triangle 

C*Z tr ({0, 1}) CMA 1 ) a(Z tr (A 1 )/Z tr ({0, 1})) -> C;Z, r ({0, 1})[1], 
which has the form 

Z © Z -> Z -> a(Z tr (A 1 )/Z tr ({0, 1})) -> Z[l] © Z[l], 
where the first map is (a, 6) a + b.) 

2. Considering the natural compactification P 1 of A 1 — {0} with complement {0, oo} and 
using (|2.10|) . one has a natural isomorphism 

r A1 _ {0} : a(Z tr (P 1 )/Z tr ({0,oo})) ^ C*z(A l - {0}) = M^A 1 - {0}). 

Let's fix an automorphism 

4> : (P\ {0, 1}) -> (P\ {0, oo}); z ^ (4.3) 

(In homogeneous coordinates, the map is [x ,Xi] \—> [x\ — x ,Xi\.) 
Let t[ : (A 1 , {0, 1}) — > (P 1 , {0, 1}) be the natural inclusion, and 

ii=^o«i: (A 1 , {0, 1}) - (P\ {0, 1}) - (P 1 , {0, oo}) 

the composition. Abusing notation, we also denote the induced morphism after applying 
C*Z tr (-) by z x : 

H : a^A^/MlM})) -> aCZirCP^/Zfr^O.oo}). 
Then we define S\ as the composition 

si = r AM0} o n o <j x : Z(0)[1] = C*(Z tr (A 1 )/Z tr ({0, 1})) 

-> aCZ^CP^/Ztr^O, oo}) -> Af c (A x - {0}). (4.4) 

Now we want to prove the morphism 

si © cZ : Z(0)[1] © Z(l)[2] -> M C (A 1 - {0}) 

constructed above is an isomorphism. 
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Consider the following diagram of distinguished triangles 



Z(0)[0] 



Z(l)[2] *Z(0)[1]©Z(1)[2] 



■Z(0)[1] 



Ho} 



si0cZ 



M c ({0» -m c (a x ; 



M C (A 1 - {0}) 



M C ({0})[1]. 



Here the second row is the localization distinguished triangle (j2.9|) associated to the embed- 
dings 

{Q} closed Al open Al _ {0} 

The maps in the first row are the natural ones: 0, inclusion and projection. The two first 
vertical maps are induced by the fundamental classes of the point G A 1 and A 1 , and they 
are known to be isomorphisms (|2.14|) . 

Now we want to show that the diagram commutes. The commutativity of the first square 
is clear, and the commutativity of the second one follows from Lemma 12.31 Thus we only 
need to prove the commutativity of the third square on the Z(0)[1] factor. 

By our construction, 

5o Sl : Z(0)[1] -►a(Z tr (P 1 )/Z tr ({0,oo}) 

-> ker(CA r ({0, oo})[l] -> C*1 tT (¥ l )[l]). 

Since any two points on P 1 are rationally equivalent, the kernel in the last map is equivalent 
to C*Z tr ({0})[l] = M C ({0})[1], and the natural map from Z(0)[1] to it is given by the 
fundamental class of {0} shifted by [1]. 

Now we conclude by the five lemma. □ 



Remark 4.3 More generally, the automorphism in 

az 

Z -, 



has the form 



z 



(4.5) 



where a G k* . In view of Proposition the Horn set ifom(Z(0)[l], M C (A 1 — {0})) has a 
factor flom(Z(0)[l],Z(l)[2]) = H^\k) = k*. The a in fl4~5]) realizes this factor. 

We now prove the m — 1 case of Theorem 14.11 in the following lemma. 

Lemma 4.4 There is a natural isomorphism 

fi = o/i © i/i : Z(0)[1] © Z(l)[2] M c (Li). 
Furthermore, one has the following two commutative diagrams 



id®(-l) 



Z(0) [1] © Z(l) [2] Z(0) [1] © Z(l) [2] 



(4.6) 



M C (A 1 - {0}) 



o/iei/i 



M C (L 
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Z(0)[1] © Z(l)[2] ^Z(0)[1] © Z(l)[2] (4.7) 



o/iei/i 



M^A 1 - {0}) — — M c (Li). 

Proof. We define 

o/i := TT, o Sl : Z(0)[1] - M C (A X - {0}) - M C (L X ) (4.8) 

and 

1 / 1 :=c/:Z(l)[2]^M c (L 1 ) 

as the fundamental class of Li. 

Li = (A 1 — {0})//// can be canonically identified to A 1 — {0}. Under this identification, 
the above defined q/i and if\ become si and cl in Proposition 14.21 Therefore f\ is an 
isomorphism. 

The commutativity of the diagram (j4.6jl on the Z(0)[1] factor is by the definition of q/i 
(14. 8p . and that on the Z(l)[2] factor is by Lemma [2.41 since ir : A 1 — {0} — > Li is proper of 
degree I. 

The commutativity of the diagram (j4.7p follows from (14 .6p since one has 7r*o7r* = (•/)©(•/). 

□ 

Since U m is a vector bundle of rank (m — 1) over (A 1 — {0})///;, one has the following 
canonical isomorphism 

s © d : Z(m - l)[2m - 1] © Z(m)[2m] = (Z(0)[1] © Z(l)[2])(m - l)[2m - 2] 

^ M C ((A : - {0})M)(m - l)[2m - 2] ^ M c (U m ), (4.9) 

where Z(0)[1] © Z(l)[2] -> Af c ((A x - {0})/^) is an analogue of f x in Lemma Ol and the 
last isomorphism is by the projective bundle formula, Theorem 12.61 
Now let's start to prove Theorem 14.11 

Proof of Theorem \4-l\ For notational simplicity, we often denote the left hand side of (14. 2 \ 
by F m . We denote the i-th component of f m on the i-th summand of F m (in the order in 
(|4.2p with the first one as the 0-th) by if m . 

For a general dimension m, we always define the last component m f m by the fundamental 
class of L m (I2.12p . i.e. 

mfm = cl Lm : Z(m)[2m] -> M c (L m ). (4.10) 

To define the other components of f m , one actually needs an induction procedure, which 
we start now. 

The case when m — 1 has been discussed in Lemma f4. 41 
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Now we assume that 

/ m _! : Z(0) [1] © Z/Z(z) [2z] © Z(m - 1) [2m - 2] - M c {L m _^ 



m—2 



(4.n; 



has been canonically defined and is an isomorphism. 

Using the natural morphism j : M c (L m _i) — > M c (L m ) induced by the closed embedding 
of L m _i in L m , we define 

o/m := J o o/m-i : Z(0)[1] -> M c (L m _x) -> M c (L m ), 

i/m := J ° i/m-i : Z/Z(i)[2i] -> M c (L m _!) -> M c (L m ), \<i<m-2. (4.12) 
With m / m defined by the fundamental class (j4.10j) . we only need to define 

m _i/ ro : Z/Z(m - l)[2m - 2] - M c (L m ). (4.13) 
To this end, we need to use the following two distinguished triangles: 
Z(m - l)[2m - 2] 4 Z(m - l)[2m - 2] A Z/Z(m - l)[2m - 2] 4 Z(m - l)[2m - 1], 
which is the Bockstein distinguished triangle, and 

M c (L m _x) -4 M c (L m ) A M c (f/ m ) A M c (L m _!)[l], 
which is the localization distinguished triangle (|2.9|) associated to 

r closed ^ open TJ 

We consider the following diagram of long exact sequences of Horn groups in the category 
DM (to fit the rather big diagram in the paper, we use the following shorthand notation: H 
for Horn, {} for (m — l)[2m — 2], and c L m _i for M c (L m _i) etc. (apology for the notation)): 



H(Z{}[1], c L m _0 — H(Z/l{}, c L m ^] 



H(Z{}[l], c L r 



H(Z{}[l}, c U n 

8, 



/9* 



/3* 



#(Z//{}, c L r 



#(Z/Z{}, C ?7„ 

5* 



-#(Z{}, c L m ) 

r* 

^H(Z{}, c U m ) 



(4.14) 



#(Z{}[1], c L m _i[l]) H(Z/l{}, c L m ^[l}) #(Z{}, c L m _![l]) 
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We have the following two explicit morphisms: 

d Lm _, eH(Z{}, c L m ^) = Hom(Z(m-l)[2m-2},M%L m _ 1 )), 
which is the fundamental class of L m _i, and 

s G H(Z{}[l], c U m ) =Hom(Z(m- l)[2m- l],M c (U m )), 



which is defined in (14. 9J) . 

The following proposition gives the map m -ifm in ()4.13|) . 

Proposition 4.5 There is a unique element 

m -if m G Hom(Z/l(m - l)[2m - 2],M c (L m )), 

r*( m -l/m) = /#*(«)■ 

In addition, one has 

T*( m -lfm) = J*( C ^ m -i)- 



Proof. First we want to show that 



5*(s) =i-cZ ira _ 1 [l], 



(4.15) 



(4.16) 



(4.17) 



where cZi m _Jl] G if(Z{}[l], c L m _i)[l]) is the fundamental class of L m _i (shifted by 1). This 
is equivalent to the commutativity of the following diagram 



Z(m- l)[2m- 1]— l -+Z(m- l)[2m- 1] 



M c (L m _!)[l]. 



M c ([/ m ) s - 

To prove this, we first give the following general case of Proposition 
dimension m. 

Proposition 4.6 There is a natural isomorphism 

s m @d\ Z(0)[1] © Z(m)[2m] 4- Af c (A m - {0}). 



(4.18) 



for a general 
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Proof. Define cl : Z(m)[2m] -> M c (A m - {0}) to be the fundamental class of A m - {0} 
(|2.12j) . We define s m as the following composition 

s m := 3m o Sl : Z(0)[1] - M C (A X - {0}) - M c (A m - {0}), 

where j m is induced by the closed embedding A 1 — {0} — > A m — {0} with the last (m — 1) 
coordinates zero. 

The proof of s m © cZ being an isomorphism is almost the same as that for Proposition 
14.21 We don't repeat here. □ 



Consider the following diagram of embeddings 

{0} 



£m-l _ /nl closc 4. A 



{Oj-^A™- 1 x A* 



(4.19) 



closed j 



open 



u„ 



where the vertical arrows are the quotient maps. 

By (12. 9p . the diagram (14.19P gives a diagram of localization distinguished triangles 



M c (A m_1 - {0}) M c (A m - {0}) ^ M c (A m_1 x A*) M c (A m ~ 1 - {0})[1](4.20) 



M C (L 



m—l. 



M c (L ri 



M c {U n 



M c (L m _!)[l]. 



We can analyze the first row in (j4.20p by considering the following diagram of distin- 
guished triangles 



Z(0) [1] © Z(m - 1) [2m - 2] Z(0) [1] © Z(m) [2 



M c (A m ~ 1 - {0}) 



M c (A m - {0}) 



Z(m - 1) [2m - 1] © Z(m) [2m] ^ Z(0) [2] © Z(m - 1) [2m - 1] 

(s m _iffid)[l] 

x A* J >■ Af c (A m ~ 1 



(4.21) 



c / A m—l 



M C (A 



{0})[1]- 



Here the first row of distinguished triangle is a natural one consisting of inclusions and 
projections, and the vertical maps are those from Proposition 14.61 (the third one is by the 
tensor product structure f|2. 8|) and Proposition 14. 2p . It can be seen that the diagram (14.2 ip 
is commutative and is a natural isomorphism of distinguished triangles. 
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Now consider the following diagram of the boundary maps of f|4.20p with the natural 
maps from the Tate motive Z(m — l)[2m — 2]: 



Z(m - l)[2m - 1] 



id 



■Z(m- l)[2m- 1] 



«/ 



Z(m - l)[2m - 1] 



M c (A m ~ 1 x A*) 





S 


5i 








M c (A m_1 - {0})[1] 



M c (U n 



d[i] 



M c (L m _!)[l] 



The left square of (j4.22p is commutative by the following commutative diagram 



(Z(0)[l])(m- l)[2m-2] 



6'lC 



id®id 



M c (A*)(m - l)[2m - 2] -^^M C {K* / ^{m - l)[2m - 2] 



[Z(0)[l])(m-l)[2m-2] 

of\®id 



M c (U m ), 



M c (A m ~ 1 x A*) 

where the first square commutes by (j4.6jl , and the second by (I2.17|) . since 



v m-l x A * 



A* 



is Cartesian. 

The right square in (|4.22|) is commutative by Lemma |2~4"1 and the back one is commutative 
by (|4.2ip . The top and bottom squares in (|4.22|) are commutative obviously. Therefore the 
front square, which is just diagram (I4.18j) . is commutative. (Here actually one considers the 

composition of the front square with the skew morphism Z(m — l)[2m — 2] —> Z(m — l)[2m — 2] 
in (|Q2jl .) Thus we have proved (|Q7jl . 
Therefore in diagram (14.141) . 



^(/3*s)=/3*(M=/5*(^-c/L m _ 1 [l]) = 0. 



Now by the induction hypothesis (14. lip , one has the top term in the middle column of f!4.14p 

H(Z/l{}, c L m _!) = Hom(Z/l(m - l)[2m - 2], M c (L m _!)) = 0. 
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By the exactness of the second column in f|4.14p . there is a unique 
m .J m E Hom(Z/l(m - l)[2m - 2], M c (L m )), 



which satisfies f!4.15p . 

Now we want to prove (I4.16P for the above chosen m -ifm- This is equivalent to the 
commutativity of the second square in the following diagram: 

Z(m - l)[2m - 2] — ^Z(m - l)[2m - 2]—^Z/l(m - l)[2m - 2] -^Z(m - l)[2m- 1] 



»[-i] 



M c ([/ m )[-l] 



M C (L 



m— 1 , 



M c (L r 



M c (U n 



We know that the third square commutes by (|4.15|) . By the theory of triangulated 
categories, there exists a map ip : Z(m — l)[2m — 2] — > M c (L m _i) for the second vertical 
arrow which makes both the first and the second squares commute. If we use cIl 7TI _ 1 for 
the second vertical arrow, the first square commutes by f)4.17|) . By our induction hypothesis 
Q4. lip , we see that 

Hom(Z(m - l)[2m - 2], M c (L m „i)) = Z 

generated by cl^ m _ x . Therefore ip must be cli m _ 1 to make the first square commute. There- 
fore cli m _ 1 makes the second square commute, which proves (I4.16p . □ 



Remark 4.7 One can directly check that /(j*(c/i m _ 1 )) = 0, which is implied by (j4.16p . That 
is, we want to show the composition in the following diagram 



Z(m - l)[2m - 2}^^M c {L m _ l ) 
■i 

Z(m - l)[2m - 2] 



M c (L r 



is zero. 

The above diagram can be embedded in the following one 



Z(m-l)[2m-2] 



Z(m-l)[2m-2] 



M C (L, 



m— 1 , 



M c (L r 



M C (A 



m— 1 



{0}) 



M c (A m - {0}), 



where cl is the fundamental class of K m ~ l — {0}, and f/ie j ; s are induced by closed embeddings. 
The first square commutes by Lemma \2.J\ The composition of the lower-right path is zero 
since it factorizes through M c (A m — {0}) , to which any morphism from Z(m — l)[2m — 2] is 
zero by Lemma \4-6\ and dimensional consideration. 



23 



Now we want to prove that the above defined morphism 

f m :F m ^ M c (L m ) 

is an isomorphism. 

Consider the following diagram of distinguished triangles 



Fm-l 



Z(m - l)[2m - 1] © Z(m)[2m] 



s®cl 



F m _i[l] (4.23) 



/m-l[l] 



M C (L 



m— 1 , 



M°(L r 



M c (U n 



M c (L m _ x )[l], 



where the third vertical morphism is that in (|4.9|) . Besides natural inclusions and projections, 
the only nontrivial maps in the first row consist of 

Z(m - l)[2m - 2] A Z/Z(m - l)[2m - 2] 4 Z(m - l)[2m - 1] 4 Z(m - l)[2m - 1]. 



Now we want to see that the diagram (j4.23p commutes. 

The commutativity of the first square on Z(ra — l)[2m — 2] is by (|4.16|) . and on the other 
components by definition (|4.12j) . 

The commutativity of the second square on Z(ra)[2ra] is by Lemma [2.31 and on 
Z//(m - l)[2m - 2] by (j4~T5|) . 

The commutativity of the third square on Z(m — l)[2m — 1] has been shown in (j4.17j) . 

Since f m -i and (s © cl) are isomorphisms by the induction hypothesis f)4. llj) and (|4.9|) . 
we conclude that f m is an isomorphism by the five lemma. □ 

Theorem 14.11 and (14. ip give the following corollary concerning the motive with compact 
support of the normalized cyclic product (A nl — A n )/Ci. 

Corollary 4.8 In the triangulated category of motives DM, we have a natural isomorphism 



nl-l 



h : Z(n)[2n + 1] © Z/Z(z)[2i] © Z{rd)[2nl] ^ M c ((A ni - A n )/d). 

i=n+l 

We denote the first component of the above map by 

h n : Z{n)[2n + 1] -> M c ((A nl - A n )/d). 

We denote the left hand side of by H. Let h" 1 : M c ((A nl - A") /C{] 

inverse isomorphism. We define 

nl-l 



h'l : M c ((A nl - A n )/Ci) -> /J -> Z/Z(z)[2z] © Z(nZ)[2nZ]; 

i=n+l 

/i; 1 : M c ((A ni - A n )/C0 —> H ^ Z(n)[2n + 1]. 
to be the compositions of /i -1 with the natural projections. 



(4.24) 

(4.25) 
H be the 

(4.26) 
(4.27) 
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5 The total fixed point set 

In this section, we want to study the motive type of C*z(A nl ) Cl using the distinguished 
triangle (|3.5|) and Corollary 14.81 The method we use is very similar to that in the proof of 
Theorem 14.11 

First of all, let's define a morphism 

nl-l 

9 = (9n,g>n) : C*z(A nl ) Cl -> Z/l(n)[2n] © ( Z/l(i)[2i] © Z(nl)[2nl]) , (5.1) 



i=n+l 



where 



g>n ■= hilar: C,z{A nl ) Cl -> C*z(A nl - A n ) Cl = M c ((A nl - A n ) /Q) 



nl-l 



Z/l{i)[2i] @Z{nl)[2nl], 



i=n+l 



and 



(5.2) 



ft 



: CU(A ni ) Ci -> Z/Z(n)[2n] 



(5.3) 



is defined as follows. 

We consider the Bockstein distinguished triangle 



Z(n)[2n] 4. Z(n)[2n] ^> Z/Z(n)[2n] 4 Z(n)[2n + 1] 



and the distinguished triangle (13.5 



CU(A n ) A C,z(A n, ) c ' A CU(A n ' - A n ) c > 4 C,z(A n )[l]. 

Again, we have the following diagram of long exact sequences of Horn groups in DM, where 
we use shorthand notation such as H for Horn, Z(n] for Z(n)[2n], A n for C*z(A n ), A nlc for 
C*z(A nl ) Cl and A (nZ_n)c for C*z{A nl — A n ) Cl . (Apology again for the notation.) 



H ( A (nl-n)C^ Z ( n ]) H ( A (ni-n)c^ z/l(n}) H (A^ l ^ c , Z(n][l]) 



H(A nlc , Z(n]) 



#(A n ,Z(n]) 



/J(A"' C ,Z/Z(n]) 



#(A n ,Z//(n]) 



iy(A n ' c ,Z(ra][l]) 



if(A n ,Z(n][l]) 



5* 



5* 



i H{A^ nl -^ c [-l], Z{n\) — ^ /J(A( n '- n ) c [-l], Z/Z(n]) — #(A( n '- n ) c [-l], Z(n] [1]) 
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We have the following two explicit morphisms: 

clll G H(A n ,Z(n}) = Hom(C,z(A n ),Z(n)[2n}), 
which is the inverse of (j2.14|) . and 

h- 1 G H{A (nl ~ n ^ c ,Z{n][l]) = Hom(C*z(K nl - A n ) c ', Z(n)[2n + 1]), 



which is as in (I4.27j) . 

The following proposition gives the map g n in (j5.3jl . and it is very similar to Proposition 

1431 

Proposition 5.1 There is a unique element g n G Hom(C*z(A nl ) Cl , Z/l(n)[2n]) , such that 

A*(#n) =r,(cZXn). (5.5) 

In addition, one has 

/?*(</„) =r*(0- (5-6) 



Proof. First we want to show that 

«y(dii) = i.^ 1 [-i], 



(5.7) 



where ^[-1] G #(A( n '- n ) c [-l], Z(n]) is what we had in (j4~2Tj) (shifted by [-1]). This is 
equivalent to the commutativity of 



Z(ra) [2n] 



■Z(n)[2ra] 



i-i , 



C*z(A nl - A n ) c 'l-l]^C*z{A n ). 

Since h n : Z(n)[2n + 1] —> C*z(A nl — A n ) Cl (14. 25p is a splitting of h' 1 , the above commuta- 
tivity, after shifting by [1], is equivalent to that of the following diagram 



Z(n)[2n + 1] 



Z(n)[2n+ 1] 

Cl&n [1] 



C*z(A nl - A n fi »• CU(A n )[l]. 
First consider the following diagram of distinguished triangles 

Z(n) [2n] — ^ Z(nZ) [2nZ] Z(n) [2n + 1] © Z(nZ) [2nZ] >■ Z(n) [2n + 1] 

cl sffid 

- CU(A ni ) C*z(A n ' - A n ) 



d 

C*z(A n ) 



S 



d[l] 

C„*(A n )[l], 



(5.* 



(5-9) 
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where the morphisms in the first row consist of 0, inclusion and projection, the second row 
is a natural localization distinguished triangle (j2.9|) . and the vertical maps are fundamental 
classes (the third one uses (|2.8|) and Proposition 14. 6|) . It can be seen that the above diagram 
is commutative and is a natural isomorphism of distinguished triangles. 
Now consider the following diagram of distinguished triangles 



CU(A n ) 



id 



C*z(A nl ) Cl 
c*j 



C*z(A nl - A n ) Cl 



C,z(A n ) 



C m z(A 



■C*z(A nl -A n ) 



■Ca(A n )[l] 

id 

CU(A")[1], 



(5.10) 



where the vertical arrows are induced by the inclusions j of the fixed point set sheaves into 
the whole sheaves. Such a diagram exists due to the proof of Proposition 13.14 which is 
analogous to the proof of the localization distinguished triangle 12.91 (see [21 Theorem 5.11]). 
Now let's try to understand the relevant parts of the third square in (I5.10|) concerning the 
factor Z(n)[2n + 1]. 

We get the following diagram 



Z(n)[2n+1] 



id 



■Z(n)[2n + 1] 

d A n [11 



Z(n)[2n + 1] 



id 



CU(A 



nl 









So 






C*z(A nl 


A n ) Cl 



Z(n)[2n+ 1] 



a 2 (A n )[i] 



id 



d A n [1] 



■C*z(A n )[l] 



Lemma 5.2 The left square in (15. lip is commutative. 



(5.11) 



Proof. Under the identification (13. 6P : 

C*z(A nl - A n ) c ' = Ca{{A nl - A n )/d) = M c ((A nl - A n )/d] 
the map C*j in the left square of (j5.1ip is the same as 

ix* : M c ((A nl - A n )/Ci) -> M c (A nl - A n ). 
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The left square commutes by the following diagram 

(.J)®id 



(Z(0)[l])(n)[2n] 

(o/i)®"Z 

M c ((A 1 -{0})//xOW[2n] 



-*(Z(0)[l])(n)[2n] 
M C (A X - {0})(n)[2n] 



M c(( A n(z-i) _ (0})/C z ) ® M c (A n f-^-M c (A n (^ 1 ) - {0}) <g> M c (A n ) 



M c ((A nl - A n )/Ci) 



M c (A nl — A n ), 



where the composition of the left column is h n (|4.25|) . the composition of the right column 
is s (15. 9j) . The first square commutes by (j4.7|) . and the rest are obviously commutative. 

□ 



The back square in (j5.1ip is commutative by (|5.9|) . and the other squares other than 
the front one are obviously commutative. Therefore the front square, which is just (|5.8|) is 
commutative. (Here we need to consider the composition of the front square with the skew 

morphism C*z(A n )[l] C*z(A")[l].) Thus we have proved (j5.7|) . 
Therefore in diagram (15. 4j) . 

5*(r,c/^) = r*(<rc^) = r*(Z • /i^ 1 ) = 0. 

Now since we have known the type of C*z(A nl —A n ) Cl in Corollary 14. 8^ one has the top term 
in the middle column in (j5.4|) 

Hom(C*z(A nl - A n ) c \Z/l(n)[2n}) = 0. 

By the exactness of the middle column in (j5.4jl , there is a unique 

# n G ifom(C*z(A"') Ci , Z/Z(?2)[272]), 

which satisfies (15. 5j) . 

Now we want to prove that this g n satisfies (15 .6|) . This is equivalent to proving the 
commutativity of the second square in the following diagram 



CU(A re ) C*z(A nl fi — 5- C*z(A nl - A n ) c * 



cr 1 

CL A n 



9n 



Z(n)[2n + 1] 



-CU(A»)[1] 
Z(n)[2n + 1] 



Z(raj [2n] — ^ Z/Z(n) [2n] 

By (15. 5p . we see that the first square commutes. By the theory of triangulated categories, 
there exists a morphism : C*z(A nl — A n ) Cl — > Z(n)[2n + 1] for the third vertical arrow 
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which makes both the second and the third squares commute. If we use h^, the third square 
commutes by (j5.7|) . By Corollary 14.81 we see 



Hom(C,z(A nl - A n ) Gi ,Z(n)[2n + 1]) = Z 

generated by /i" 1 . Therefore must be /i" 1 to make the third square commute. Hence /i" 1 
makes the second square commute, which proves (j5.6l) . □ 



Remark 5.3 One can directly check that l(r*(h n 1 )) = in diagram (j5.4|) . which is implied 
by f|5.6p . TTiat zs, we iwzni to s/iou> i/ie composition in the following diagram 

Z(n)[2n + 1] 



CU(A n ') Q C,z(A nl - A n ) Ci Z(n)[2n + 1] 



is zero. 

The above diagram embeds in the following diagram 



C*z{A nl ) 



C*z(A nl - A") — 



■Z(ra)[2n + 1] 



h- 1 



C,z(A nl ) Cl r ^C*z(A nl - A n ) Cl -^~Z(n)[2n + 1], 

where the first two vertical maps are induced by the inclusions of the fixed point set sheaves 
to the whole sheaves. The commutativity of the last square is by Lemma \5.°A 

The upper-right composition is zero by dimensional reason since it factorizes through 
C*z(A nl ), which is Z(nl)[2nl]. 

Theorem 5.4 The morphism constructed above in (15. ip 



nl-l 



g : C,z(A nl ) Cl ^ Z/l(i)[2i] © Z(nl)[2nl\. 



(5.12) 



is an isomorphism. 



Proof. We denote the right hand side of (I5.12p by G, and we consider the following diagram 
of distinguished triangles 



C*z(A n ) — ^ C*z(A nl )°< ^C*z((A nl - A n )/d) 



cl , 



Z(n)[2n] 



G 



H 



^CU(A re )[l] 
Z(n)[2n + 1], 
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where the morphisms in the bottom row are the obvious ones (inclusions and projections) 
except the following 

Z(n)[2n] - 1 * Z/l(n)[2n] ^ Z(n)[2n + 1] ^ Z(n)[2n + 1]. 



The first square is commutative by (j5.5|) . the second by (15. 6 p and definition (|5.2|) . and 
the third by fETTj) . 

Since both cZ^i (I2.14p and h~ l (Corollary 14. 8p are isomorphisms, we conclude by the five 
lemma. □ 

Now let's work with Z/Z coefficients. Let 

C := Z(i)[j] ± Z(i)\j], 

with the second term placed at position 0, be a (double) complex in DM, and hence its total 
complex is an object in DM. The following natural map 



\:C^Z/l(i)[j] 



given by 



Z(i)[7'l 



Z/Z(z)[j], 

where r : Z(i)[j] — > Z/l(i)[j] is the coefficient reduction, is an isomorphism in DM. Therefore 
C is a canonical model of Z/l{i)\j\. 

Lemma 5.5 One has a canonical isomorphism 

k:C®Z/1^ Z/l(i)\j] © Z/l(i)[j + 1]. 

Furthermore, one has the following commutative diagram 

A 



c 



z/z(i)b'] 



C®Z/l-*-+Z/l(i)\j]®Z/l(i)\j + l], 
where (3 : Z/l(i)[j] — > Z/Z(i)[j + 1] is the Bockstein associated to the exact sequence of sheaves 

-> z/z Z/Z 2 -> Z/Z -> 0. 
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Proof. One has 

C®Z/l = Z/l(i)\j]±Z/l(i)\j]. 
The map •/ is zero here. The natural maps 

Z/l(z)[j]-Uz/l(z)[j] , Z/l(z)[j]-Uz/l(z)[j] 



Z/l(i)\j] Z/l(i)\j] 

give the isomorphism 

K . c ® Z/l $ Z/l{i)\j] © Z/l{i)[j + 1]. 
The natural coefficient reduction map 

t : C -> C ® Z/Z 



is 



Z(z)[i]— ^Z(i)L7l 



z//(i)[y]^Uz//(<)|>1 

The composition k o r is the direct sum of the following 



Z/i(»)[7] Z//(t)|>-] 



which by definition are A and ft o A. 



□ 



Corollary 5.6 Notation as in Theorem \4-l\ The natural morphism 

fl/ l :F m ®Z/l^M c (L m ,Z/l), 

which by Lemma \5. 5\ is 



m—l 



: Z/l(i) [2i + 1] © Z/l{i) [2i] -^M c (L m , Z/l), 



i=0 



i=l 



is an isomorphism. 
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Proposition 5.7 Notation as Theorem \5.4\ The natural morphism 

g z/l : CU z/i (A n ') c ' -+G®Z/Z, 

which by Lemma 15.51 is 

nl-l 

g z ' 1 : C*z z/l (A nl ) Cl 0(Z/Z(i)[2i] © Z/Z(z)[2i + 1]) © Z/Z(nZ)[2nZ] (5.13) 
an isomorphism. 

Furthermore, one has the following commutative diagram 

C*z{A nl )° l — ©S; 1 Z/Z(z)[2i] © Z(nZ)[2nZ] 

CU z /'(A n ') Ci — ©^(Z/ZCOpi] © Z/Z(i)[2i + 1]) © Z/Z(nZ)[2nZ], 

where the r 's are coefficient reductions. 

Now we give an interpretation of the above proposition in the A 1 -homotopy category 
iJ. (k). Recall that in the Dold-Kan correspondence, we have a pair of adjoint equivalence 
functors N and K between the category of simplicial abelian sheaves and the category 
of chain complexes of abelian sheaves concentrated in positive dimensions. For a general 
complex, we need to first apply the good truncation functor at position 0. Let 

K(Z/l,j,i)=K{Z/l(i)[j}) 

be the simplicial abelian sheaf corresponding to the motivic complex Z/l(i)[j}. Then consid- 
ered as a simplicial sheaf of pointed sets, it serves as the motivic Eilenberg-MacLane space 
in Hf(k) (see (ETT^ ). 

The functor K respects finite direct sums, i.e. it takes finite direct sums of chain com- 
plexes to finite direct sums of simplicial abelian sheaves. The forgetful functor from the 
category of simplicial abelian sheaves to the category of sheaves of pointed sets takes finite 
direct sums to products. Therefore using Proposition 15. 7^ we have a natural isomorphism 

nl nl—l 

K(az z /\A nl f l ) $ #(0Z/Z(i)[2z] © 0Z/Z(*)[2* + 1]) 

i=n i=n 

nl nl—l 

= Yl 2i, i)x]J K{Z/l, 2i + 1, i). 

i=n i=n 

By [U Lemma 2.5.2], we have an A 1 - weak equivalence from K \z z l l (A nl ) Cl ) to 
K(C*z z / l (A nl ) Cl ), where z z ^(A nl ) Cl is considered to be a complex concentrated at dimension 
0. It is easy to see by the construction of K that K \z z l l (A nl ) Cl ) is the constant simplicial 
sheaf at z z ^ 1 (A nl ) Cl . Thus we arrive at the following theorem. 
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Theorem 5.8 In (k), one has a natural isomorphism 

nl nl—1 

z z/l (A nl f l = Y[ K(Z/l, 2i, i) x \\ K(Z/l, 2i + 1, i). (5.14) 

i=n i=n 

This implies that z z / l (A nl ) Cl has the desired homotopy type to be the target for the total 
reduced power operation (|3.3p . The above theorem is part 1 of our Main Theorem II. 11 
Similarly, using Theorem 15.41 we also have the following proposition. 

Proposition 5.9 In H^lk), we have a natural isomorphism 

nl-1 

z(A nl f l = Y[ K(Z/l, 2i, i) x K(Z, 2nl, nl). (5.15) 

i=n 

6 Bockstein homomorphisms 

We have constructed the following total reduced power operation ()3.3p 

V : 2 Z/i (A n ) -> z z/l (A nl ) Cl , 
which in the A 1 -homotopy category by Theorem 15.81 is canonically 

nl nl—1 

V : K(Z/l, 2n, n) -> JJ K(Z/l, 2i, i) x ] [ K(Z/l, 2i + 1, z) 

i=n i=n 
n(/-l) n(/-l)-l 

= Y[ K(Z/l,2n + 2j,n + j) x K(Z/l, 2n + 2j + 1, n + j). 

j=0 j=0 

We introduce the following notation: let 

D { : K(Z/l, 2n, n) -> K(Z/l, 2n + 2i,n + i), < i < n(l - 1) (6.1) 

and 

E l : K(Z/l, 2n, n) K(Z/l, 2n + 2% + 1, n + i), < i < n(l - 1) - 1 (6.2) 

denote the components of our total reduced power operation V. 

The goal of this section is to prove Theorem 16 .3\ which is part 2 of our Main Theorem 

o 

First we want to prove that our operations with Z/l coefficients factorizes through a 
modified integral version. 

Consider the following map 

Iw : z{A nl ) -> z(A nl ) Cl 
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defined as follows. Given a smooth scheme U and a cycle Z £ z(A n )(U), define 

lw{Z) = I a ( Z )i 

where cr(Z) is the image of Z under an element a £ Cj. It is clear that lw(Z) is in- 
variant under the G\ action by its construction and thus is in z(A nl ) {U). Denote by 
z{A nl ) Cl /\m{lw) the Nisnevich sheaf associated to the presheaf whose value on a smooth 
scheme U is z(A nl ) Cl (U)/lm(lm : z(A nl )(U) — >• z(A nl ) Cl (U)), where the quotient is in the 
category of abelian groups. 

Lemma 6.1 In the A 1 -homotopy category (k), one has a natural isomorphism 

nl-l 

q : z{A nl ) Cl /lm(lw) ^ ] [ K(Z/l, 2i, i) x K{Z/l 2 , 2nl, nl). (6.3) 

i=n 

Furthermore, one has the following commutative diagram 

z(A nl ) Cl [Jin 1 K(Z/l, 2i, i) x K(Z, 2nl, nl) (6.4) 

z{A nl f' /lm{lzu) — K{Z/l, 2i, i) x K{Z/l 2 ,2nl,nl), 

where p is the natural projection, the two horizontal isomorphisms g and q are by (I5.15P and 
(16. 3p . and r) on the right vertical arrow is the natural coefficient reduction map. 

Proof. Apply the singular complex functor C* and consider the following statement on the 
motive level corresponding to (|6.3|) : 

q : C*{z{A nl ) Cl /Im{lw)) 4 ®£?Z/l(i)[2i] © Z/l 2 {nl)[2nl). (6.5) 
One has the following natural distinguished triangle 

C*z(A nl ) C*z(A nl f' °^ C*{z{A nl ) Cl /Im{lw)) -> C*z(A nl )[l\. (6.6) 

To define the i-th component 

ft : a(2(A ni ) Ci /Im(/ro)) -> Z/Z(i)[2i], n < % < nl - 1 

of q, we study the long exact sequence of Horn group associated to f|6.6p 

= #om(CU(A n ')[l],Z/Z(i)[2i]) -> #om(C;(^(A n ') c </Im(/ro)), Z/Z(i)[2i]) 
-> i/om(C^(A n ') Ci ,Z//(z)[2z]) -> #om(CU(A ni ), Z/Z(z)[2z]) = 0. 
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We pick qi G Hom(C*{z{A nl ) Cl /\m(lm)), Z/Z(i)[2i]) to be the unique element corresponding 
to Qi G H om{C 1r z{A nl ) Cl , Z/Z(i)[2i]), which is the i-th component of g in (|5.12|) . 

The map C^lw) : C*z(A nl ) — > C*z(A nl ) Cl can be seen to induce the multiplication by Z 2 
on the Z(nZ)[2nZ] factor for the natural motive types (see (|2.14p . ()5.12j) ). Using a diagram 
similar to (|5.4|) . one can define a unique morphism 



g nJ : a(^(A^) c Vlm(to)) 
such that the following diagram is commutative 



Z/l 2 (nl)[2nl], 



C*z(A nl ) Cl —^C*(z{A nl ) Cl /\m{lw)) 



9 nl 



Z/l 2 (nl)[2nl]. 



Z(rd)[2nl] — ^ 

Then one can conclude that the above constructed q is an isomorphism by a diagram 
of distinguished triangles and the five lemma similar to the proof of Theorem 15.41 The 
commutativity of the motive version of (|6.4|) is clear from our construction of q. 

The same analysis as in the three paragraphs before Theorem 15 .8[ using the functor K in 
the Dold-Kan correspondence and [U Lemma 2.5.2], gives our statements on the homotopy 
category level. □ 



We now want to prove that our total reduced power operation V (|3.3p for Z/Z coefficients 
factors through z(A ) 1 /\m.(lw) with Z coefficients. Namely we will show the existence of 
the following commutative diagram 

z{A nl ) Cl /lm(lw) - z(A nl ) Cl (6.7) 

p 

z %/i(A n ) z z/l (A nl ) Cl . 

where r is the coefficient reduction by Z, t' is defined because Im{lw) is reduced to zero. 
The proof of the following proposition is similar to that of [T2"| Proposition 8.1]. 

Proposition 6.2 The lift p in (j6.7|) exists. 




Proof. Recall first that our total reduced power operation V f!3.3p is also defined for Z 
coefficients, and we have V : z(A n ) — > z(A nl ) Cl . A cycle in z z ^ l (A n )(U) lifts to an integral 
cycle in z(A n )(U) unique up to a multiple of Z. To prove the existence of p, we only need to 
show that for Z x , Z 2 G z(A n )(U) such that Z x - Z 2 = IW for some W G z(A n )(U), we have 
V(Z 1 )-V(Z 2 ) G Im{lw), i.e. 

Z\ - Z\ = lw{T) 

for some T G z(A nl ){U). Observe that any invariant cycle in z(A nl ) Cl (U) divisible by Z 2 , say 
l 2 V with V invariant, is equal to lw{V). Because Z\ — Z\ is invariant, we only need to take 
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care of the terms in Z\ — Z\ = (Z 2 + IW) 1 — Z\ that are not divisible by I 2 . Such terms are 
/ Z 2 x • • ■ x W x ■ • • x Z 2 , and it can be written as lw(W x Z 2 x ■ • • x Z 2 ). □ 

i— th slot 

Now we can prove our result concerning the Bockstein homomorphism. 
Theorem 6.3 E i = (3 o D l for < i < nl - 1. 

Proof. We have a natural factorization (see (j6.7j) ) 

r : z(A nl f' A 2(A ni ) c Vlm(/ro) 4 z z/l (A nl ) Cl 

of the coefficient reduction map. Lemma T6. II says that p induces the identities on the factors 
K(7j/l,2i,i) for n < % < nl — 1, and thus r' is the same as r on these factors. Interpreting 
Proposition 15.71 in the homotopy category, we see that the i-th component of r for < 
i < nl — 1 is 

Ti = (id, (3) : K(Z/l, 2i, i) K(Z/l, 2i, i) x K(Z/l, 2i + 
and therefore this also holds for r'. Proposition 16.21 gives the following factorization 

V : z z/l (A n ) 4 z(A nZ ) c Vlm(to) ^ ^ z/z (A nZ ) Ci . 
This proves our theorem. □ 



7 Basic properties 

In this section, we prove some very basic properties of our operations D l (j6.ip and E l ()6.2D . 
By the representability of motivic cohomology (j2.19p . our operations represent the following 
cohomology operations: 

D i . ^2n,n^_ >z y^ ^ ^^^^(-^/Z), < i < n(Z - 1); 

E l : H 2n ' n (-,Z/l) -> i/ 2ri+2m ' n+i (-,Z//), < i < n(Z - 1) - 1. 

Since our constructions of the D l and i? 1 are through maps between the corresponding 
motivic Eilenberg-MacLane spaces in the A 1 -homotopy category, these operations are natural 
with respect to morphisms between schemes (actually any morphism in (k)). 

Theorem 7.1 D° : K(Z/l,2n : n) -> K(Z/l,2n,n) is the identity. 

Proof. By our construction (see the proof of Proposition 15 . 1 1 especially (j5.5j) ). the K(Z/l, 2n, n) 
factor of z z / l (A nl ) Cl is represented by z z ^ l (A n ), the sheaf of equidimensional cycles supported 
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on the diagonal A n of A n '. Suppose Z = ^n^Zi £ z Zj/l (A n )(U), where U is a smooth scheme 
and the Zj are distinct irreducible subschemes. Then 

V{Z) =Y,n tl ---n H Z ll x u ---x u Z ii e z z l\h nl ) c i(U). 

For • • • , ij not all equal, Z ix Xjj • • • Xu Zj, must have non-empty intersection with 
U x (A n ' — A") (we assume that the Zj are all distinct). For each i, the fiber product 
Zj X[/ ■ • • X[/Zj may be reducible. The following subvariety, denoted by Wj, of Zj x v ■ ■ ■ x v Zj 
defined by |/i = ■ • • = ?/;, where the are the coordinates to the j-th A n component of A nl , 
is obviously isomorphic to Zj under the identification of the diagonal of A nl to A n , and so 
irreducible. By definition all other irreducible components of Zj Xjj- ■ ■ XjjZi have non-empty 
intersections with U x (A n ' — A n ). The coefficient of the irreducible subvariety Wi is the 
same as the coefficient of Zi Xu • • • Xu Zi, which is n\. It is well known that n\ = rij in TLjl. 
Therefore the part of V(Z) supported on the diagonal of A n ' is the same as the cycle Z. 
This completes the proof. □ 

Theorem 7.2 D"^ 1 ) = P : K(2n,n,Z/l) -> K(2nl,nl,Z/l), where P is the l-th cup 
product power operation (13. ip . 

Proof. By definition (13. 2p . 

P = j o V : z z/l (A n ) -> z z/l (A nl f l -> 2 Z// (A n '). 

Here 

j:^(A^) Ci ^^ A (A ni ) 

is the natural inclusion of the fixed point set sheaf into the whole sheaf, which in the A 1 - 
homotopy category by Theorem 15.81 is canonically 

nl nl—l 

j : Y[ K{Z/l, 2i, x K{Z/l, 2i + 1, z) -> K(Z/l, 2nl, nl). 

i=n i=n 

We now prove that j is isomorphic to the projection to the factor K(Z/l,2nl,nl). 
Let's consider the corresponding map on the motive level 

C*j : C*z z/l (A nl ) Cl -> C*^(A nZ ). 

In view of Proposition 15 .7\ the map C* j canonically has the following form 

C*j : ©^(Z/^i)^] © Z//(i)[2i + 1]) © Z{nl)[2nl] -> Z(n/)[2n/]. 

C*j can be seen to be zero on the factors (Z/Z(z)[2i] © Z//(i)[2z + 1]) for n < % < nl — 1 by 
our construction. We now concentrate on the top dimensional factor Z/l(nl)[2nl}. Consider 
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the following diagram 



c*j C*j 
C^I\A nl ) r -+ C^I\A nl - A n ) 



7T 

Til A n~\ 



- * C*z z ' l (A nl - 

where ir* is that in f)3.6j) . and all the other arrows are the obvious ones. Observe that all 
the horizontal arrows induce the identities on the factor r Ljl[nV)\2nl\. Now we consider the 
effect of the last vertical arrow. The Z/l(nl)[2nl\ factors of both C*z z/l ((A nl - A n ) /C{) and 
C*z z / l (A nl — A n ) are represented by the fundamental classes. We see that ir* is the identity 
on this factor by Lemma \2. 31 Therefore so is the first vertical one. 

□ 



8 Comparison with Voevodsky's operations 

We start by explaining the following commutative diagram 

z{A n ) z(A nl ) c ' (8.1) 

z(A nl ) hCl . 

where V : z(A n ) — > z(A nl ) Cl is our total reduced power operation fl3.3[) . 

z(A nl ) hCl in (j8.ip is an analogue of the homotopy fixed point set in topology. To define 
it, first note that for any linear algebraic group G, Voevodsky has defined its classifying 
space BG in the A 1 -homotopy category if. (k) (see [12l Section 6] and [5]). For the reader's 
convenience, let's recall its definition. 

Suppose that G — > GL(V) is a faithful representation of G. Denote by Vi the open subset 
in A(yy where G acts freely. We have a sequence of closed embeddings fi : Vi — > V^+i given 
by (vi, • ■ ■ ,Vi) —> (v±, ■ ■ ■ ,Vi,0). Set EG = colim^ and BG = colimj^/G, where V./G is 
the quotient scheme, and the colimits are taken in the category of sheaves. It is known that 
the homotopy type of BG doesn't depend on the choice of the representation G — > GL(V). 
In particular, we have the classifying space BC\ for the cyclic group. Under our assumption 
of the existence of a primitive Z-th root of unity ( in k, we have an isomorphism between 
C\ and hi, the group of Z-th roots of unity in k. Therefore we have an A x -weak equivalence 
BCi ~ Bin. 

Now let's define z(A nl ) hCl . Fix a representation Ci —>■ GL(V), and use the same notation 
as above. 

Definition 8.1 Given a smooth scheme Y and a scheme X, define z(Y, X) to be the sheaf 
whose value on a smooth scheme U is z(Y, X)(U) := z(X)(Y x U). 
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Define z(Vi, A nl ) Cl to be the sheaf whose value z(Vi, A nl ) Cl (U) on a smooth scheme U is 
the group of cycles in z(A nl )(Vi x U) which are invariant under the Ci action on A nl xViXU 
as the product of its natural actions on A nl and Vi and the trivial action on U . Concretely, 
a cycle Z belongs to z(Vi, A nl ) Cl (U) if for any a G C\, v G Vj and u G U , the fiber of Z over 
the point (o~(v),u) G Vi x U, as a linear combination of points in A nl , is the image of the 
fiber of Z over (v, u) under a . 

The natural inclusion fi : Vi — > Vf+i induces a natural pullback map 

Cyd(fi) : z(Vi,A nl ) <— z(V^i,A nl ), 

and it can be seen to induce a map on the fixed point set 

CyclUi) : z(Vi,A nl f> <- z(V^x,A nl ) Cl , (8.2) 

since Vi x C Vi+i is invariant under the C\ action. 
We define 

z(A nl ) hCl := \imiz(V,A nl ) Cl , 

where the limit is taken in the category of sheaves. 

Furthermore we define z z / | (A ni ) ftC i to be z(A nl ) hCl (g) TLjl. 

Since the action of C\ on V{ is free, so is its action on the product A n ' x Vi x U for any 
scheme U. Then the projection 

p : A nl x Cl V x U := (A nl xVx U)/Q -> (V x U)/Q = V/Q x U 

is a vector bundle of rank nl. Furthermore any cycle Z G z(Vi,A nl ) c '(U), being invariant 
under the free C\ action on A n ' x Vi x U, comes from a cycle Z' on the quotient (i.e., the 
flat pullback of Z' is Z, see (j3.6|) ). As a cycle on the vector bundle 

A nl x Cl VxU -^V/QxU, 

Z' is equidimensional of relative dimension over the base Vi/Ci x U under the projection 
p, since originally Z is equidimensional over Vi x U. 

Remark 8.2 One has the following imprecise interpretation of z(A nl ) hCl . Given a smooth 
scheme U, z(A nl ) l (U) can be thought of as the free abelian group on the closed irreducible 
subschemes on A nl Xq EC\ x U, which are equidimensional of relative dimension over 
BCi x U under the vector bundle projection p : A nl Xq ECi x U — > BC\ x U . This is 
imprecise because EC\ and BC\ are not schemes, but rather sheaves. 

7 : z(A nl ) Cl —* z(A ) 1 in f|8.ip is an analogue of the inclusion of a fixed point set 
into its associated homotopy fixed point set in topology, and is defined as follows. For a 
cycle Z G z(A nl ) Cl ([/), Cycl{pn){Z) G ^(A ni )(^ x U) is the pullback of Z by the projection 
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pri-.Vi-x.U-* U. It is easily seen that Cyd(pri)(Z) E z(V u A nl ) Cl (U), since Z E z(A nl ) Cl (U). 
Furthermore 

Cyd(fi)(Cycl(pn +1 )(Z)) = Cycl(pr t )(Z) 
with Cycl(fi) as in (|8.2j) . since clearly 

Wi+i o (fi x zaV) = pr { :Vi x U ^ U. 

Therefore the system {Cyc/(prj)(Z)}j defines a cycle in the limit z(A nl ) hCl (U), and this is 
defined to be j(Z). 

In (18. ip . ^ = 70P is the composition. It is understood that ^ is the same as Voevodsky's 
construction (TSJ Section 5]. 

Now let's concentrate on Z/I coefficients. It is a computation of Voevodsky [T21 Sections 
5 and 6] that one has a canonical isomorphism 

nl nl — 1 

z z/l {A nl ) hCl *Y[K(Z/l,2i,i) x ] [ K(Z/l, 2i + 1, i). (8.3) 

i=0 i=0 

To be more precise, he (loc. cit.) first proved that for a smooth scheme X 

Hom H &i{X + ,z z/l (A nl ) h °>) H 2nl ' nl (X x BC h Z/l). (8.4) 

Remark 8.3 (j8.4jl can 6e informally understood as follows. In view of Remark \8.2\ a cycle 
Z E z z ' l (A nl ) hCl (X) "should" define a motivic cohomology class of dimension (2nl,nl) of the 
base X x BCi, since if the vector bundle A nl x Cl EC\ x X were trivial, i.e. A nl x BC\ x X, 
such a cycle does define such a class by definition (see f|2. 19j) and (|2.20|) ). Actually much of 
Voevodsky's proof of (j8.4p is to add another bundle to make the direct sum trivial, and then 
use the Thorn isomorphism to "pull" the dimension of the motivic cohomology class back. 

Under our assumption, we have a weak equivalence BC\ ~ B[ii. Then Voevodsky com- 
puted the motivic cohomology of X x B\i\ with Z/Z coefficients. His result (loc. cit.) is 

H 2nl ' nl (X x Bm,Z/l)= H*'*{X,Z/l)u e v 5 , (8.5) 

e=0,l, 0<<5<ni 

as an H*'*(X,Z/l) module. Here v E H 2,l {B^i,Z/l) corresponds to the line bundle on Bfii 
associated to the standard representation p, and u E H 1,l (Bp,i, Z/l) is the unique class such 
that its Bockstein (3{u) = v and its restriction to a rational point * of Bfii which lifts to a 
rational point of some Vi is zero. In the following table, we count the possible dimensions 
of u e v 5 for e = 0, 1, < 5 < nl and calculate the corresponding dimensions of H*'*(X, Z/l) 
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such that the sum of the dimensions is (2nl,nl): 



s 








1 


e 





1 





d\m.u e v b 


(0,0) 


(1,1) 


(2,1) 


dimH*>*(X) 


(2nl, nl) 


(2nl -l,nl- 1) 


(2nl -2,rd- 1) 



1 




nl 


5 


1 







e 


(3,2) 




(2nl, nl) 


dimu e v d 


(2nl -3,nl -2) 




(0,0) 


dimH*'*(X) 



Combining (j8.4|) . ()8.5|) and the above table of possible dimensions of H*'*(X, Z/Z), we 
arrive at the conclusion (|8.3|) . 

Recall our Theorem 15.81 about the homotopy type of z z ^ l (A nl ) Cl . To compare the two 
operations, we need to study the map 7 : z z ' l (A nl ) Cl — > z z / l ^ nl ) hC i j n (j8.1|) . Our result is 

Theorem 8.4 TTie map 7 : z z / l (A nl ) Cl — > z z / l (A nl ) hCl in (j8.1|) . which in view of Theorem 
\5.S\ and ()8.3j) /ias t/ie /orro 

ni ni— 1 

7 : JJ AT(Z/Z, 2i, i) x JJ A'(Z//, 2z + 1, i) 

i=n i=n 
ni ni — 1 

-> JJ A'(Z//, 2i, i) x JJ A'(Z//, 2z + 1, i), 

i=0 i=0 

induces isomorphisms on the factors K(Z*/l,2i,i) for n < i < nl. In view of the diagram 
h8. we see that our operations D l (16. ip coincide with the corresponding ones of Voevodsky 
for cohomology classes of dimension (2n,n), up to nonzero constants in Z/Z. 

Remark 8.5 In view of Theorem \6.3\ and IT% Lemma 9.6], we see that our E % (16. 2p are also 
the same, up to nonzero constants, as the corresponding ones of Voevodsky for cohomology 
classes of dimension (2n,n). 

Actually the above theorem will be a special case of the following general situation. We 
now adopt the following notational convention in the rest of this section. We assume that 
A n always has a trivial \i\ action, A m has a \i\ action which is a direct sum of nontrivial 
irreducible representations, and A n+m is the direct sum of them. 

Our previous computations in Sections H] and [5J which correspond to the situation that 
m = n{l — 1), generalize to this general situation. An analogue of Theorem 15.81 gives us a 
natural isomorphism 

n+m n+m—l 

z z/\A n+m Y l S ] [ K(Z/l, 2i, i) x K(Z/l, 2% + (8.6) 

i=n i=n 
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Denote by z z /\K n+m ) h ^ 1 the similarly defined homotopy fixed point set as in Definition 
18.11 The following general versions of (j8.4|) . (j8.5|) and ()8.3j) : 



and 



H 2{n+m) ' n+m (X x B^,Z/l) ^ H*'*(X,Z/l) 

e=0,l, 0<<5<n+m 



n+m n+m—1 

,n+m\h/xi rsj 



[ K(Z/l,2i,i) x AT(Z//,2i + l,z) (8.9) 



i=0 i=0 



still hold. 

Similar to diagram (|8.1|) . we can define a natural map 7 : 2 : z / i (A n+m ) Ati — > 2: z / z (A n+m )^'. 
We now prove the following theorem, which in particular gives Theorem | 



Theorem 8.6 In view of flEU and <K^ . 7 : 2 Z// (A n+m ) w -> ^/'(A n+m ) ft « induces zso- 
morphisms on the factors K(Z/l, 2i, 1) for n < i < m + n. 

First a lemma. 

Lemma 8.7 For arbitrary dimensions n and m, the map 7 induces the identity on the top 
dimensional factor K(Z/l, 2(n + m),n + m). 

Proof. Consider the following diagram 

z z / , (A n+m )w^-^^ z / , (A n+m ) (8.10) 



where j is the inclusion of the fixed point set sheaf into the whole sheaf, and j' is defined as 
follows. Regard z ^/\K n+m ) h ^ as z z/l (Efn, A n+m )^ (see Definition I8~T]) . Let mcl : * -> E\n 
be a rational point of E\i\ which lifts to a rational point of some V$. Then define 

/ : z z / l (Eni, A n+m ) Mi - z 2 " A n+m ) ^(A" +m ) 

to be the composition of the inclusion map and the pullback map by incl. Note that j' 
doesn't depend on the choice of the rational point * since E\ii is contractible. 

The diagram (j8.10p can be seen to commute as follows. Observe that 7 = Cycl(pr) is 
the pullback map by pr : E\i\ — > *. Therefore 

j' o 7 = Cycl{incl) o Cycl(pr) = Cycl(pr o incl) = Cycl{id*) 
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is the identity map, except that now we forget the fixed point set structure, which is exactly 
3- 

Exactly the same arguments as in the proof of Theorem 17.21 show that j induces the 
identity on the factor K(Z/l, 2(n + m),n + m). We now want to prove that j' also induces the 
identity on this top dimensional factor. For a scheme X, we have the following commutative 
diagram: 

Hom^ (X+, //'(A n + m ) ft «) H 2{n+m),n+m( X x R ^ Z /j) 
Hom^ (X+, Z^\K n+m )) _= H 2(n+m),n +m ^ X ^ 

where the first isomorphism is (|8.7jl . and the second isomorphism is the obvious one (see 
(I2.19P and (j2.20|) ). The left vertical map j'o is composition by j', and the right vertical map 
j' H is induced by the inclusion * — > Efii — > B[i\. The diagram commutes by the naturality 
of fLl|) (see P21 Lemma 5.12]). JH} says that j' H has the form 

j' H : H 2{n+m) ' n+m {X x Bm,Z/t) = H*'*(X,Z/l)u e v s 

e=0,l, 0<<5<n+m 

-> i/ 2 ( n+m )' n+m (X,Z//). 

Actually j^- is the projection to the summand ff 2 ( n + m ): n + m (x, Z/7), which corresponds to 
e = 5 = in ® e=0 x 0<s<nl H*'*(X,Z/l)u e v s , since both u (by dimension reasons) and u 
(by definition) are restricted to zero in the motivic cohomology of the rational point *. 
This means that j' : z z / l (A n+m ) hfl1 — > ,?: Z/// (A n+m ) i s actually the projection to the factor 
K(Z/l, 2(n + m), rt + m). 

By the commutativity of the diagram f|8.10p . we see that 7 is the identity on the factor 
K(Z/l,2(n + m),n + m). □ 

Now let's prove our theorem. 

Proof of Theorem \8.6\ We run induction on m. When m = we are done by Lemma 18.71 
Now assume that the assertion holds for m — 1, i.e. (with obvious notation) 

induces isomorphisms on the factors K(Z/l, 2i, i) for n<i<n + m — 1. 
Consider the following diagram 



7n+m-l 



r yn-\-m 



where j and jh are induced by the closed embedding A™"^™" 1 — > A n+m with the last coordinate 
zero. The diagram is clearly commutative by our construction of 7. 
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We have proved that 7„ +m induces the identity on the factor K(Z/l,2(n + m),n + m) 
by Lemma 18.71 so by the induction hypothesis we only have to show that j and jh induce 
isomorphisms on the factors K(Z/l, 2i, i) for n<i<n + m — 1. 

This is clearly true for j by how we compute the type of z z /'(A* +m )« (see the proof 
Theorem El especially fO^j) and (gHED )- 

Now consider j h : 2 : z / z (A r! ' +m " 1 ) hw — > 2 ; z / / (A n+m ) hw . For a scheme X, we have the 



following commutative diagram 



Hom HA i(X +1 Z^iA^™- 1 )^') _^#2(n+m-l),n+m-l( X x B fi h Z/l) (8.11) 



#077^1 (X+, ^A(A«+ m )^) H 2(n + m),n +m ( X x ^ ^ 



where the two isomorphisms are by (18 .7p . the left vertical map jh° is composition by jh- The 
right vertical map jh is defined as the follow composition: 

J H : H 2(n+m-l),n+ m -l( X x ^ ^ 
^ H 2(n+m),n+m( X x £^ 

where Th(L m — > 1?^) is the Thorn space of the line bundle L m on associated to the 
last A 1 component of A m , the isomorphism is the Thorn isomorphism via the multiplication 
by the Thorn class ti m , and the last arrow is induced by inclusion i : Bfii — > Th(L m — > Bfii) 
as the zero section. The commutativity of the diagram (18. lip is seen from the proof of (18. 7p 
(see [12l Section 5]), where one adds a vector bundle to make the direct sum trivial and 
applies the Thorn isomorphism theorem to pull back the dimension of the cohomology class. 
Therefore 

J H = -e{L m ) : H 2(n+m-l),n+m-l( X x B/i h Z/l) -> H 2{n+m ^ n+rn (X x Bm,Z/l) 

is the multiplication by e(L m ), the Euler class of the line bundle L m . Since the /i; action on 
A m is a direct sum of nontrivial irreducible representations, we have e(L m ) = a m v, where 
1 < fl m </ — 1 is an integer invertible in Z/l and v is the Euler class of the line bundle on 
B\ii associated to the standard representation p, which by definition is the v in (|8.8p . 
Therefore in view of (18. 8p . jh has the form 



J H : H 2(n+m-l),n+m-l( X x BfM ,Z/l) ^ H*'*(X,Z/l)u e V S 

e=0,l, 0<5<n+m-l 

^ a m H*>*{X, Z/l)u e v 5+1 H 2{n+m) ' n+m {X x Bfi h Z/l), 



=0,1, 0<S<n+m-l 



which on the components of H p '*(X,Z/l) for p < 2{n + m — 1) are multiplications by a m 
and thus isomorphisms. This proves our theorem. □ 

Finally let's add some remarks about our operations. 
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Remark 8.8 Our construction doesn't produce any cohomology operations lowering algebraic 
weights. Meanwhile Voevodsky's approach a priori produces such operations (see (|8.3p ). It 
takes some effort for Voevodsky (see 1121 Section 3]) to prove that all such operations lowering 
algebraic weights are zero. 

Remark 8.9 Voevodsky's operations H 2n ' n (X,Z/l) — > H 2n+2l ' n+l (X,Z/l) are nonzero only 
if i — j(l ~ 1) i> s a multiple of I — 1. The proof uses the full symmetry of the construction 
under the whole symmetric group Si. By our comparison theorem\8.J\ we see that this also 



holds for our operations, i.e. D % = and thus E % = by Theorem 1 6. 3\ unless i = j(l — 1). It 
would be satisfying to give a direct proof of this fact for our operations. But this eludes my 
effort so far mainly because in our construction we are dealing with finite dimensional lens 
spaces, and the homotopy classes of maps between such lens spaces are more complicated than 
those for infinite dimensional lens spaces, which were employed in Voevodsky's approach. 

Remark 8.10 Using a trick of considering only bistable operations, Voevodsky can ex- 
tend his operations to motivic cohomology H*'*(X,7,/l) of all dimensions instead of just 
H 2n,n (X, TLjX), and furthermore by a formality (see 1121 Corollary 2.10]) all bistable opera- 
tions are group homomorphisms. To follow his approach, we need to verify that for us 

P n+1 (xAa T )=Pn(x)Aa T , (8.12) 

where x G H 2n,n {X,'L/l) is a cohomology class of dimension (2n,n), o~t £ H 2,1 (T,/L/l) is 
the tautological motivic cohomology class of T = A 1 /(A 1 — {0}), i.e. o~t is represented by 
the diagonal cycle, and x A o~t £ H 2 ^ n+1 ^' n+1 (X + A T, Z/7) is the product. Here we write V n 
to note V on dimension (2n,n). This "should" be obtained by the Cartan formula, which 
"should" say that V n +i(x A ax) = V n (x) A Vi(o~t), together with the fact that 

Vi(a T ) = o T . (8.13) 

\8.13\l holds since the fiber product of the diagonal cycle (being a one-to-one cycle) is sup- 
ported on the diagonal A 1 of A and is restricted to zero off the diagonal to A 1 — A 1 , and so 
T > \{o't) = D°(o~t) — o~t by Theorem \7.1\ But the full powered Cartan formula surely is out 
of our reach, since it involves some coefficients coming from the base field when I = 2 (see 
1121 Proposition 9.7]). I have a primitive version of the Cartan formula, but it is not clear 
to me if it is enough for the stability condition (j8.12j) . 

Remark 8.11 / want to say, as my last words, that although our construction can be said 
to be conceptually simpler, we lose much control of the actual classes, especially about the 
ring structure. In particular, our computational ability is very limited using this approach, 
and for instance, we don't touch the Adem relations at all (see f!2^ Section 10]). 
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